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DOMAINS
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ABSTRACT. We show that the characterization of existence and uniqueness up to vertical translations
of solutions to the prescribed mean curvature equation, originally proved by Giusti in the smooth case,
holds true for domains satisfying very mild regularity assumptions. Our results apply in particular to
the non-parametric solutions of the capillary problem for perfectly wetting fluids in zero gravity. Among
the essential tools used in the proofs, we mention a generalized Gauss-Green theorem based on the
construction of the weak normal trace of a vector field with bounded divergence, in the spirit of classical

results due to Anzellotti, and a weak Young’s law for (A, rg)-minimizers of the perimeter.

INTRODUCTION

Let € be an open bounded set in R™ and let H :  — R be a Lipschitz continuous function. A

classical solution to the Prescribed Mean Curvature equation is a function u :  — R of class C? satisfying

v <Vu(x)> = H(x) Ve e (PMC)
1+ |[Vu(z)|?

The left-hand side of corresponds to the mean curvature of the graph of w at the point (z,u(x)).
The existence and the properties of solutions to , possibly satisfying some given boundary con-
ditions, have been the object of extensive studies in the past, also due to the close connection between
and capillarity. After the pioneering works by Young [53], Laplace [33], and Gauss [25], it is
nowadays a well-known fact that the mean curvature of a capillary surface in a cylindrical container with
cross-section €2 is determined by the surface tension, by the wetting properties of the fluid with respect
to the container, and by the presence of external forces such as gravity. The modern theory of capillarity
has its roots in a series of fundamental papers by Finn [22], Concus-Finn [11] 12| 13], Emmer [I7], [I8],
Gerhardt [26] 27, 28], Giaquinta [29], Giusti [30, 3], and many others (see [23] and the references therein).
Other contributions to the theory have been obtained in various directions, see for instance Tam [50, [51],
Finn [24], Concus-Finn [I4], Caffarelli-Friedman [5], as well as more recent works by De Philippis-Maggi
[16], Caffarelli-Mellet [6] and Lancaster [32]. However the above list is far from being complete.

A necessary condition on the pair (2, H) for the existence of a solution to can be easily found
by integrating on any relatively compact set A C Q with smooth boundary. Indeed, by applying
the divergence theorem we get

j/de‘ g/ (T, )| dH
A OA
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where v is the exterior normal to A and H"~! is the Hausdorff (n — 1)-dimensional measure in R™.
Then using the fact that the vector field

Vu(x)
V1+|Vu(z)?

has modulus less than 1 on 2, we obtain for every such A the strict inequality

Tu(z) :=

‘/AH dm‘ < P(A), (1)

where P(A) denotes the perimeter of A (when 9A is smooth, P(A) = H" 1(dA); more generally, P(A)
has to be understood in the sense of Definition .

Notice that whenever H is a non-negative constant on 2 one obtains the necessary condition H <
% for all relatively compact subsets A C Q with positive volume. Hence, the existence of solutions
to is closely related to the so-called Cheeger problem, which consists in minimizing the quotient
PI(T‘?) among all A CC Q (see for instance the review papers [34] and [42], and references therein).

In the fundamental paper [31], Giusti proved that the necessary condition is also sufficient for
the existence of solutions to in any bounded connected open set €2 with Lipschitz boundary. More

specifically, he showed that if holds together with the strict inequality

/Hdm
Q

then one can find many variational solutions (see [29]) attaining any given Dirichlet L'(9€) boundary

< P(Q) (2)

datum in a weak sense. On the other hand, a much more subtle situation occurs when the equality

/Hdw
Q

holds, as it corresponds to the so-called extremal case. Whenever the pair (2, H) is such that both
and are satisfied, we will call the pair extremal.

= P(Q) (3)

Concerning the existence of solutions to in the extremal case, one can essentially consider a
suitably translated sequence of variational (non-extremal) solutions u; of , defined on subsets €;
that converge to () both in volume and in perimeter, as i — co. Then, one obtains a so-called generalized
solution u defined on  as the limit of u; (in the sense of the L'-convergence of the subgraphs, see [41]).
The extremal case is particularly relevant because it corresponds to capillarity for a perfectly wetting
fluid under zero-gravity conditions. By definition of perfect wetting, the fluid-gas interface meets the
(smooth) boundary of the cylindrical container with a zero contact angle; in other words one expects

that any solution u in the extremal case automatically satisfies the boundary condition of Neumann type
(Tu,vy =1 on 0. (4)

At the same time, one also experimentally observes that the solution u is unique up to additive constants.
This is what Giusti showed to be a consequence of a more general equivalence result (see Theorem 2.1 in
[31]) that he proved for the extremal case under the strong regularity assumption 9Q € C2. Later, Finn
observed that the regularity requirements on 92 can be reduced to piece-wise Lipschitz (see [23] Chapter
6]) if one is interested in the existence of solutions to in the 2-dimensional case, and to “C* up
to a H" !-negligible set” if uniqueness up to vertical translations has to be shown in the extremal case.
However the question about the validity of Giusti’s result under weaker assumptions on 0fQ is still not

completely answered.
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In this paper we prove Giusti’s characterization of existence and uniqueness of solutions to
under very mild regularity hypotheses on 2, see Theorems and In particular, our results are
valid for domains with inner cusps or with some porosity (see Example 7 which of course fall outside
of the Lipschitz class.

Specifically, we assume that 2 C R™ is an open, bounded set with finite perimeter, satisfying the
following properties. First, we require that 2 coincides with its measure-theoretic interior (roughly
speaking, we do not allow € to have “measure-zero holes”). Then we assume the existence of k = k(€2) > 0
such that

min{ P(E;Q), P(Q\ E;Q°)} < k P(E;Q) (5)

for all £ C Q. Finally, we require that
P(Q) =H"1(09). (6)

Whenever an open set {2 satisfies and @, we say that Q is weakly reqular. We stress that weak
regularity can be regarded as a minimal assumption in the following sense. On one hand, if one assumes
@, then is equivalent to the existence of a continuous and surjective trace operator from BV (Q) to
L1(09), by well-known results about traces of functions in BV () (see T heorem. On the other hand,
by Federer’s Structure Theorem (see Theorem , @ amounts to requiring that the set of points of
0 that are of density 0 or 1 for € is H"'-negligible, which can be considered as a very mild regularity
assumption on 9€2. Moreover, in the extremal case one can show that is automatically satisfied by §2,
thus only (6)) needs to be assumed (see [45]).

The proofs of the above-mentioned theorems require some facts and preliminary results of indepen-
dent interest.

One of the key tools that we shall systematically use in our proofs is Theorem about the interior
approximation of an open set {2 with finite perimeter satisfying (@, by means of sequences of smooth
sets that converge to € in measure and in perimeter. This result has been proved by Schmidt [47], here
we only add to the statement the useful observation that, being 2 connected, one can find a sequence
of connected smooth sets with the above-mentioned property. Another, more technical tool is the recent
characterization of W' (Q) as the space of functions in W1 () having zero trace at 92, due to Swanson
[49] (see Theorem [L.7)).

In Section [2| we introduce some notions and prove some results, that will be needed in the following
sections. Under the assumptions and (@, we prove Theorem which states a generalized Gauss-
Green formula valid for bounded continuous vector fields with bounded divergence and for BV functions
on 2. We recall that very general forms of the Gauss-Green Theorem have been already obtained by
several authors, see for instance [I5, 19, 20], [4, 52], [T, 54], and [43] [44]. We recall in particular the
extensions of the divergence theorem for bounded, divergence-measure vector fields on sets with finite
perimeter [7, [8, [0, [10]. These last results rely on a notion of weak normal trace of a bounded, divergence-
measure vector field £ on the reduced boundary of E, where F CC 2 is a set of finite perimeter and €2
is the domain of the vector field. This notion of trace already appears in [I], in the special case of F
being an open bounded set with Lipschitz boundary. A crucial tool used in [I0] is the approximation
of E by smooth sets which are “mostly” contained in the measure-theoretic interior of E with respect
to the measure p = div&. Actually, this is the main reason why E needs to be compactly contained
in the domain of the vector field £&. On the other hand, if such a domain € has finite perimeter and
P(Q) = H"1(89) then one can consider the vector field £ defined as € = € on Q and € = 0 on R™\ Q,
so that by relying on Theorem it is possible to show that divé is a finite measure on R™. Then by
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applying [I0, Theorem 25.1] one might show the validity of the divergence theorem for the field £ on

E = Q, which in turn leads to the generalized Gauss-Green formula

/wdiV€+/Vso-£: ole - v aH T, (7)
Q Q oN

where v is the exterior weak normal to 9*Q, [ - v] denotes the weak normal trace of £ on 9*Q, and
p € C°(R™). However, also in view of the results of Section [4] in Section we give a very direct proof
of when 2 C R" is an open bounded set satisfying and @ This will be accomplished by adapting
the construction proposed by Anzellotti in [I] (see also the recent papers [3,[46]). More precisely, we will
show that holds for every bounded continuous vector field £ with divergence in L>(Q2) and for any
p € BV (). We remark that the extra assumptions on £ that we are requiring reflect the properties of
the vector field T'w when u is a solution of on 2. We also stress that all bounded and connected
Lipschitz domains, as well as some domains with inner cusps or with some controlled porosity (see for
instance Example 7 are weakly regular and therefore holds on them.

Finally, in the proof of Theorem [4.1{ we shall use a so-called weak Young’s law for (A, ro)-minimizers
of the perimeter, Theorem that was originally shown in [35, Proposition 2.5] in the special case of
Cheeger sets.

Some final observations about the stability of the solution to in the extremal case are made.
On one hand it is well-known in capillarity theory that even small and smooth deformations of €2 typically
produce discontinuous changes in the solution of the capillary problem in 2, and even the existence of
such a solution in the non-parametric setting may instantaneously drop (see [23]). On the other hand, in
Proposition 4.4 we give an answer to the question whether or not it is possible to obtain some stability
result for the solution u = ug of when the pair (2, H) is extremal. Then, by coupling Proposition
M4 with the construction described in Example a sequence of non-smooth perturbations of a 2-
dimensional disk can be constructed, in such a way that the corresponding sequence of solutions to the
capillary problem for perfectly wetting fluids in zero gravity converge (up to suitable translations, and in

the sense of L}, -convergence of the epigraphs) to the solution of the problem in the disk.

1. PRELIMINARIES

We first introduce some basic notations. We fix n > 2 and denote by R" the Euclidean n-space.
Let E C R", then we denote by xg the characteristic function of E. For any x € R™ and r > 0 we
denote by B, (x) the Euclidean open ball of center x and radius r. Given two sets E, F', we denote by
EAF = (E\ F)U(F\ E) their symmetric difference. In order to define rescalings of sets, we conveniently
introduce the notation E, , = r~!(FE — z), where E C R", z € R", and r > 0. Let £ C Q C R™ with
Q) open; we write £ CC € whenever the topological closure of E, E, is a compact subset of Q. Given a
Borel set E we denote by |E| its n-dimensional Lebesgue measure. Whenever a measurable function, or
vector field, f is defined on R™, we set || f||o for the L>°-norm of f on R™.

Definition 1.1 (Perimeter). Let E be a Borel set in R™. We define the perimeter of E in an open set
QCR" as

PE;) = sup { [ xp(e)divglo)do 59 € CHO R, gl <1

We set P(E) = P(E;R™). If P(E; Q) < oo we say that F is a set of finite perimeter in 2. In this case (see
[38]) one has that the perimeter of E coincides with the total variation |Dx g| of the vector—valued Radon
measure Dxg (the distributional gradient of xg), which is defined for all Borel subsets of Q thanks to

Riesz Theorem.
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Definition 1.2 (Points of density «). Let E be a Borel set in R™, z € R™. If the limit

O0(E)(x) := lim 1EN Br(@)]

r—0t  wpr"

exists, it is called the density of F at x. We define the set of points of density a € [0,1] of F as
E@ .={zecR": §(E)(z) =a} .
We also define the essential boundary 9°E := R™ \ (B U EW).

Definition 1.3 (Approximate limit). Let f be a measurable function or vector field defined on Q. Given

z € Q) we write

ap-lim f(z) = w

T—z

if for every a > 0 the set {z € Q: |f(z) — w| > a} has density 0 at z.

Theorem 1.4 (De Giorgi Structure Theorem). Let E be a set of finite perimeter and let O*E be the
reduced boundary of E defined as

o= {x co°E + lim 2XE(Br @)

r—0+ |DXE|(BT(37)) - 7VE(I) < Snl} '

Then,

(i) O*E is countably H"~'-rectifiable in the sense of Federer [21];

(i) for all x € O*E, xE,, — XH in Li,.(R™) as r — 0, where H,, () denotes the half-space

vp ()
through 0 whose exterior normal is vy(z);

(iii) for any Borel set A, P(E; A) = H" Y (AN J*E), thus in particular P(E) = H" 1 (0*E);
(iv) [pdivg= [5.p9 - vedH" " for any g € C}H(R™;R™).
Theorem 1.5 (Federer’s Structure Theorem). Let E be a set of finite perimeter. Then, 0*E ¢ E1/?)
0°FE and one has
H L (O°E\O'E)=0.
In what follows, Q will always denote a domain of R", i.e., an open connected set coinciding with
its measure-theoretic interior, that is, we assume that any point z € R™, such that there exists a radius

r > 0 with the property |B,(z) \ E| =0, is necessarily contained in €.
The next result combines [39, Theorem 9.6.4] and [2, Theorem 10 (a)].

Theorem 1.6. Let Q C R™ be a bounded domain with P(Q) = H"1(0Q) < +oo. Then the following

are equivalent:

(i) there exists k = k(Q) such that for all E C Q
min{ P(E;Q°), P(Q\ E;Q°)} < kEP(E;Q);

(ii) there exists a continuous trace operator from BV () to L1(9) with the following property: for
any ¢ € L1(09Q) there exists ¥ € WHY(R™) such that ¢ is the trace of ¥ on O5).

Another useful result is the characterization of W' (€2) as the space of functions in W' (Q) having

zero trace at 0f).
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Theorem 1.7 ([49, Theorem 5.2]). Let  C R™ be an open set and let u € WHY(Q). Then, u € Wol’l(Q)
if and only if

lim —/ u(y)|dy =0
r—0 ™ B, (z)NQ ‘ ( |
for H*'-almost all z € Of).

The following approximation theorem is essentially due to Schmidt [47] and will play a crucial role

in the paper.

Theorem 1.8 (Interior smooth approximation). Suppose that § is a bounded open set in R™ such that
P(Q) = H"1(0Q) < +oo. Then, for every § > 0 there exist an open set Qs with smooth boundary in R™
such that

Qs CC Q, Q \ Qs C (./\/;;(89) ﬂNg(@Qg)), |Q \ le <9, P(Qg) < P(Q) + 4, (8)

where N5(A) denotes the d-tubular neighborhood of A C R™. Moreover, Qs can be chosen connected as

soon as ) is connected.

Proof. The existence of Q5 satisfying is proved in [47]. In order to show the last part of the statement,
we fix a compact set K C  such that |\ K| < J, then setting d = min{dist(x,09Q) : = € K} we take a
finite covering of K by balls of radius d/2 and let x1,...,xy denote their centers. By connectedness, for

any h,k € {1,..., N} there exists a path Ty C £ connecting xp, to zj, so that the set

N

N
K= U Bd/Q(xh) U U The
h=1 h k=1

is contained in €, connected, compact, and such that [Q\ K| < §. Let now 4 = min(min{dist(z, Q) :
reK },0) > 0, then by with & replacing d we get an open set {13 which necessarily has a connected
component A containing K , so that and the last part of the statement are satisfied by setting
Qs = A. |

2. SOME TECHNICAL TOOLS

We collect in this section some key notions and results that will be later needed. Our first aim is
to prove the Gauss-Green Theorem on which the main results of Section {4 are based. For this we
shall introduce the weak normal trace of a vector field £ on 9f, denoted as [€ - V], as a suitable extension
of the usual scalar product between the trace of ¢ and the normal to 0f), whenever the former exists.
It is indeed quite easy to prove that whenever the approximate limit of the vector field &(z) exists as
x — z € 0*Q, then [£ - v](2) equals the scalar product between that limit and the outer normal to 9*2
at z, see Proposition [2.3]

Our second tool is represented by a weak Young’s law for perimeter quasiminimizers, Theorem
that will be needed in Section [4] for the proof of the implication (U) = (E) in Theorem A slightly
less general form of this lemma has been proved in [35], in the context of Cheeger sets. Roughly speaking,
it says that the inner boundary of any (A, ro)-minimizer of the perimeter in a domain Q must meet the

reduced boundary of €2 in a tangential way.
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2.1. The Weak Normal Trace. Let 2 C R" be open, bounded, and weakly regular, i.e., satisfying
and (6). We denote by X () the collection of vector fields ¢ € L*(;R™) N C°(Q;R™) such that
div¢ € L (Q). Following Anzellotti [I], for every u € BV (£2) we define the pairing

<§,u>39:/gudivf+/§2£'Du. (9)

The map (-, -)aq : X(Q) x BV(Q) — R is bilinear. If u,v € W1(Q) have the same trace on € then by
Theorem [1.7] there exists a sequence {g,} of functions in C$°(Q) such that g; — v — v weakly in BV (),

so that we have

(§7u—v>ag:/Q(u—v)divf-l—/ﬂf-D(u—v)

zlim/gjdivf+/§~ng:0.
i Ja Q

This shows that the pairing defined in @[) only depends on the trace of u on 9. Then by Anzellotti-
Giaquinta’s approximation in BV (2) and by Theorem we infer that (£, u)an = (£,v)sq whenever
u,v € BV(Q) have the same trace on 9.

At this point we can show the continuity of the pairing @[) in the topology of L>(Q;R") x L1 (99).

The following, key lemma extends [I, Lemma 5.5].

Lemma 2.1. Let Q be weakly regular. Then for every u € L*(0Q) and ¢ > 0 there exists w. € BV (2) N
C>(Q) such that

(i) the trace of w. on O equals u H"*-almost everywhere on S,
(i) [ Vwel < [y lul +¢,
(iii) we(x) =0 whenever dist(xz, Q) > €
(iv) fQ lw:| <e,
)

(V) Nwellzo @) < lJullz(a0)-

Proof. Let us fixe > 0. By Theorem (ii) there exists ¥ € W11(R™) such that its trace on 9 coincides
with u. Up to an application of Meyer-Serrin’s approximation theorem, we can additionally assume that
¥ € C°(Q2). Moreover we fix a sequence {V;}; of smooth functions such that || — W} |ly1,1rn) — 0 as
j — 00. Again by Theorem [1.6] (ii) we have that the trace operator from BV (Q) to L' (99) is continuous,

hence
/ U, dH ™ — / |W|dH" ! = / u| dH" as j — oo.
o0 o0 o0

Given 0,1 > 0 we define x5, () = X, *py(x), where p, is a standard symmetric mollifier with support in
B,(0), while Q5 CC € is obtained in virtue of Theorem so that the Hausdorff distance between 025
and 0f) is smaller than § and |P(€s) — P(Q2)| < §. We note that up to choosing § and 7 small enough we
get spt(xs,n) CC Q, X5, = 1 on the set {x € Q: dist(z,00) > €}, and ‘fQ IVxsn — P(Q(g)‘ < 4. Then
we define ws () = ¥(z)(1 — xs,,(x)) and, for any fixed vector field g € C*(R";R™) with [|g]|-c < 1 and
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compact support in €, up to choosing § and 7 small enough as well as j sufficiently large we obtain
/ Vwsy, - gdx = / (1—x6s,) V¥ -gdr — / V' Vxs, - gde
Q Q Q

< [ 98 = [0, Vxs - gde = [ (=) Vs g ds
Q Q Q

IN

6 .
ZJF/ |\I’j||vx5,n|dz+/ Xé,n(V(‘I/f\I/j)’g+(\Iff\I!j)d1vg) dx
Q Q

9 .
<5 [ lVxalde + (Lt divgl) [ (1D =)+ ¥ - W) do

5 3
s/ \\Ifj||vX5,n|dx+fs/wjmwmufes/ ] M e
Q 2 4 90

We finally set w. = ws,, and, by taking the supremum over g, we find

/\ngng/ fuf dH™ 4 e
Q o0

which proves (ii). Finally, (i), (iii) and (v) are immediate from the construction, while (iv) is easily shown
to hold up to possibly taking smaller § and 7. O

Now, given € > 0 and ¢ € BV (2) N L>(Q), taking w. as in Lemma (with w = ¢ on 012), and
setting Q. = {z € Q : dist(x, 0Q) > €} we obtain

(€. Phoal = |(€, we)an
< lollece / |dive] + [|€] o) / V|
Q\Q. Q

< ellec / v+ Il ( /a 1o +s),

which by the arbitrary choice of € leads to

1€, @)onl < €]l Lo /a el (10)

One can check by a truncation argument that holds for each ¢ € BV (). An immediate consequence
of is the fact that the linear functional N¢ : L'(9€) — R defined as N¢(u) = (£, u)aq is continuous
on L(99Q), thus it can be represented by a function in L>(99), hereafter denoted by [¢-v]. This function
is the so-called weak normal trace of the vector field £ € X (2) on 0. Another immediate consequence
of is the following L°°-estimate of the weak normal trace:

1€ - vl L o0y < €llLo~ () - (11)

Summing up, we have proved that @D can be rewritten in the form of the generalized Gauss-Green

formula stated in the next theorem.
Theorem 2.2. Let Q C R™ be open, bounded and weakly reqular. Let & € X(Q2) and ¢ € BV (), then

/andivg +/Q§~Dga:/mgo[g.y]d7{”*1. (12)

The next proposition shows that the weak normal trace is a proper extension of the normal component

of the usual trace of £ on 02, whenever such a trace exists in measure-theoretic sense.
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Proposition 2.3. Let Q C R™ be open, bounded and weakly regular. Let £ € X(Q) and let z € 9*Q be a

Lebesgue point for the weak normal trace [ - v]. Assume

agilzmﬁ(z) =w, (13)
then
[€-v](z) =w-v(z). (14)

Proof. We can assume that z = 0 up to a translation. We fix a sequence r; | 0 as i — co. Given any

function (or vector field) f defined in Q, we set
Q=110 fily) = flray).

We note that Df;(y) = r;Df(r;y) in the sense of distributions. By we infer that for all & > 0 the

set
Ni(a) =7 'N(a) = {y € Qi : [&(y) —w| > a}
satisfies

i—00
On the other hand, the fact that z = 0 is by assumption a Lebesgue point for [£ - v] implies that
€O =t [ e w), (16)
1o 9Q,;NB,
where p; = H"~1(952; N By). Now we take § € (0,1) and set a = §2 and

¢(y) = max(0, min(1, (1 —[y)/d)) .

By Theorem ii), setting H = H, (o) for brevity, we obtain

/ Dy(x)dx — / Dy(z) dx
Q;NBy HNB;

Moreover by Theorem we get for a suitable constant C' > 0

<STYQUAH) N B =mi(6) =0  asi—oo. (17)

Dop(z) de — wn1v(0)| =
. |

/ o(x) d?—[”fl(x) — W1
OHNB1

- W,H/O [ (1ot Yt
<06, (18)

Then by , , , and Theorem ii), we find

wn_l‘[§~u}(0)fw~y(0)’ < | lim / [€ - V) dH" ! 7w~/ Dy(z)dx|+ Co
100 0Q;NBy HNB,
< lim sup / w divg| + / (Eiw).Dcp‘qui(&)JrCé
i—00 Q;NBy Q;NBy
= limsup (4; + B; + m;(0)) + C6 . (19)

1—00
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Then we notice that A; +m;(d) — 0 as i — oo, while

/ (€ -w) Do+ [ (6-w)-Dy
(©Q:NB1)\N;i(a) N;(a)NBy

n 2 o0
<S4 ”§T|Ni(a) N Byl
2[|€loo
5

Therefore by passing to the limit as ¢ — oo in and using (15 we finally get

B; =

< wpd +

\Nl(a) n Bl| .

Wn—l‘[f -v](0) —w - 1/(0)‘ < (wn +C)4,
which implies at once by the arbitrary choice of § € (0,1). O

In general, the weak normal trace [€ - ] of a vector field £ € X (2) at x € 9 does not coincide to
any pointwise, almost-everywhere, or measure-theoretic limit of the scalar product &(y) - v(z), as y — x.
However, one should expect some weak-type convergence of the normal component of £ to the value of
[€ - v] at any Lebesgue point xg € 9*Q. More precisely, let Q, be a sequence of relatively compact, open
subsets of  with smooth boundary, that converge to € both in perimeter and volume (see Theorem [1.8)).
We can consider the corresponding sequence of Radon measures 5 = (€, v5) H"~1L0Q;. By Theorem
one easily checks that u; weakly-* converges to p = [€ - V] H""1LO*Q as h — oco.

By a similar application of Theorem (simply take ¢ = xp, (s,)) One can more explicitly charac-
terize the weak normal trace at H" '-almost every point zy € 9*Q as the following limit of spherical
averages, as pointed out for instance in [10]:

. 1 T — X _
o =tim o [ @) ),
Nevertheless, such a characterization of the weak normal trace is not fully satisfactory, as one would expect
to obtain coincidence with the classical trace in some special cases (see in particular the characterization

of extremality discussed in Section . A more specific study of weak normal traces will appear in [37].

2.2. The weak Young’s law for (A,rp)-minimizers. Let us start recalling the definition of (A, rg)-

minimizer of the perimeter.

Definition 2.4. Let 0 C R" be an open set of locally finite perimeter, and let £ be a measurable subset
of Q. We say that E is a (A,7g)-perimeter minimizer in  if there exist two constants A € [0, +0c) and
ro > 0 such that for every x € R", every Borel set F such that FAFE is compactly contained in B, (x)NQ,
and every r < rp, one has

P(E; B.(x)) < P(F; Bo(x)) + A|FAE|

Theorem 2.5 (Weak Young’s Law). Let Q be an open set with locally finite perimeter and let E be a
(A, 70)-minimizer in Q. Then OF N Q meets 0*Q in a tangential way, i.e., for any x € 9*Q N (OE N Q)
one has that x € O*E and vg(z) = vo(z).

Proof. Let us fix a point z € 0*QNIFE and let  + H be the half space obtained by blowing up 2 around
x. We divide the proof in three steps. In the first one we prove that E and (2 have the same tangential
space at x, while in the third one we prove that z is in 0*E and that the outward normal is equal to the
one outward 2. Step 2 provides a tool to prove Step 3.

Step 1. Let us prove that E has the same tangent space  + H at . In order to do so, we need to

prove perimeter and volume density estimates for E C Q at z. Fix m(r) := |E N B.(z)| so that one
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has m/(r) = P(E N B,.(z),0B,(z)). By our assumptions, one has m(r) > 0 for all » > 0. Being F a
(A, ro)-minimum, for any 7 < ro and any competitor F, such that FAE CC B,.(x) N, one has

P(E; B.(x)) < P(F; Bo(x)) + A|FAE].

Fix two radii, ro < 71 < ro and consider as competitor in B, (z) N Q the set F := E \ B,,. Therefore,

exploiting the A-minimality one has
P(E; By, (x)) < P(F; By, (x)) + A|[EAF| < P(E; By, () \ By, (x)) +m/(r2) + A[E 0 By, (x)].
Thus
P(E;B,,) < P(E; By, (2)) < coAm(ra) + m'(rz). (20)

Due to the latter and to the isoperimetric inequality, it follows

n

csm(ra) " = e3|EN By, (2)|" " < P(EN By, (z))

= P(E; B,,(z)) + P(E N By, (2); 0By, (x)) < caAm(rs) + 2m/ (r2). (21)
Hence for 9 small enough we have
_mira)
m(ry) =

By integrating on (p/2, p) the latter we have as lower bound on m(p) the quantity ¢p™ which in turn
yields the volume density estimate.

Regarding the perimeter, directly from one can infer that P(F; B,) < Aw,rj + m/(rz), which,
for ro small enough implies

P(E;B,,) < csry™ !,

which then yields the perimeter density estimate.

Now blowing up F at z we find a limit set F, contained in the half-space x + H with x € 0F,. It
can be shown that F, is not empty and minimizes the perimeter without volume constraint with respect
to any compact variation contained in x + H. By convexity of H and by a maximum principle argument
[48] one infers that F admits 2 + H as unique blow up at the point x.

Step 2. Let us prove that
P(E; B,
lim M = Wp_1 (22)

r—0 rn—1
holds. Let E, be r~'(E — x). Since the blow up of E at x is the half space z + H one has the L}

loc™

convergence xg, — Xm as r goes to 0. By the lower semi-continuity of the perimeter we have
P(E.B
liminf M
r—0 pn—1

therefore to prove it is enough to show that

= limi(r)lfP(ET; B1(0)) > P(H; B1(0)) > wp—1,
r—

limsup P(E,; B1(0)) < wy—1. (23)
Argue by contradiction and suppose there exists a sequence of radii r; going to 0 such that
P(E,,; B1(0)) > wp—1 +&. (24)
Recall that x € 9*QQ, therefore for r; small enough one has

P(Q,,;B(0)) < s" tw,_ 1 +¢/3, foralll<s<?2 (25)
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where ,., is defined in the same manner of E,.,. Due to the L-convergence in By (0) of B,, 10 xm and

by coarea formula one can find a suitable
el (wn_l +€/2)ﬁ
Wn—1+¢€/3

P(9;0B,(0)) = P(E:;0B,(0)) = 0 (26)
H (B, AQ; N OB,(0)) < Z (27)
hold. Consider now the sets F; := (E U By, (z)) N Q, for which, due to the previous, one has

P(F;, Byy(x)) = P(E; (2N By, () \ Ber, () + P(Q; Ber, (@) + ] T H ™ (E;:AQ; N 9B4(0)).

such that

For r; small enough that ¢tr; < ro, the set F; is a competitor to E in B,,, therefore
" Nwp_1+¢) < P(E; By, (z)) < P(E; By (2)) — P(E; (2N By (2)) \ By, (1))
< P(F; Byy(x)) = P(E; (2N By (2)) \ Bur, (z)) + A[FAE|
P(F; By (x)) = P(E; (20N By (x)) \ Bir, (x)) + AE N By, ()]
P(Q: Bur, (2) + 77" = + Awn(tr)" (28)
< (tr)" Nwn_1 +2/3) + r’?*lf + Awn (try)™

<r" Nwpo1 +€/2) + 1P 12 <r" Hwn_1 +e),

which leads to a contradiction.
Step 3. Owing to (22)), in order to show that z € 9*F and that vg(z) = vo(x) it is enough to prove that

Dxg(B —r(z)) - va(z)

iy - XD @)
In virtue of Theorem (iv), for almost every r > 0 one has
Dxg(B —r(x)) ~v:/ v NdH"! :/ v NdH" ' + A(z,r) (30)
ENOB,(x) HNOB,(0)

= w1+ A(z,r),

where N is the outward normal to 9B, (x) and

Az, )| =

v / (XB(Y) = Xer 1 (W) N () dH"(y)
0B, (x)

< / IXB() = Xas 1 (1) AH (1)
9B, (z)

Now for any fixed § > 0, define the set %(z,5) C (0,+00) of radii r > 0 such that A(z,r) > dr"~1.

Hence, by the L -convergence of 7~ 1(E — z) to the half-space H we infer that

1
o @00 0.0)
p—07F P

loc

Therefore, for any decreasing infinitesimal sequence of radii {r; }; we can find another sequence {p;}; such
that p; ¢ X(x,0) for all 4 and p; = r; + o(r;) as i — oco. Suppose by contradiction that does not
hold. Then, there exist o > 0 and a decreasing infinitesimal sequence {r;}; such that

’DXE(B () v

Wy

> a, (31)
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for all # € N. By suitably choosing 0 as w,—1«/2 and considering the sequence p; defined above, one gets
in with the substitution r = p;

— @ —
Dy (Bp, (2)) - v = w10 | = [A(z, pi)| < Swn1p] 7"
2

3

On the other hand, by (22), we also have
Dz (Bp, (2)) = Dy (Br, (2))| < P(E; By, (2)ABy, () < wn1lpf ™ = +o(rf ™) = o(r} ")
as i — 0o. Combining these two latter inequalities yields to

— « _ _
|DXE (Bri(x)) v — Wn—ﬂ"? 1| < gwn—lp? b O(T? 1) = —Wp_1T

which contradicts for ¢ large enough. |

3. EXISTENCE THEOREMS

This section is devoted to the proof of existence of solutions to the prescribed mean curvature

equation (PMC)), that we recall here:
divTu(x) = H(z), x €.

In what follows we show that the weak regularity assumption, i.e. the validity of and @, coupled
with the necessary condition is enough to ensure existence of solutions to (PMC]).

We will follow the argument of [29] B1], which is based on the minimization of the functional

j[u]:/ V14 |Vul? dx+/Hu d:rJr/ lu — | dH™ 1, (32)
Q Q 00

defined on BV (Q2), for a given ¢ € L'(952). Note that the Euler-Lagrange equation of 7, obtained by
perturbations with compact support in €2, is precisely equation (PMC]). By Theorem the last term
in is well-defined.

In the existence proof we will have first to discuss the easier non-extremal case, in which the necessary
condition holds for the domain 2 as well, and then the more involved extremal case, that is when
is satisfied.

First we need some preliminary results. The first one shows how to extend the necessary condition
to all measurable A C Q such that 0 < |A| < |Q].

Proposition 3.1. Let Q C R™ be a domain satisfying condition @ Assume that the necessary condition
holds for every A CC ), then it also holds for every A C 2 such that 0 < |A| < |Q].

Proof. Let us fix a measurable set A C © with 0 < |A| < |Q] and finite perimeter. By Theorem [L.8] there
exists a sequence {§;},en of relatively compact, smooth open subsets of €2, such that [Q\ €;] — 0 and
P(Q;) — P(R2) as j — co. Now take A; = AN, and notice that A; CC Q, P(4;) < 400, and 4; - A
in L' as j — oo. Since
P(A;)+ P(AUQ,) < P(A)+ P(Q)),
and owing to the fact that AUQ; — Q in L' as j — oo, we deduce that
P(4) < liminf P(4;) < limsup P(4;) < limsup (P(A) + P(Qy) — P(AU Qj))
J j

= P(A) + P(Q) — liminf P(AU Q) < P(A) + P(Q) — P(Q) = P(A),

which proves that

lim P(4;) = P(A). (33)
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Now we observe that P(A;Q) > 0, which follows from the connectedness of Q coupled with the fact that
0 < |A| < |Q|. Therefore owing to (8) we can assume that P(A;;Q;,) > ¢ > 0 for a suitably large jo and
for all § > jg, which means that

/ H dx
A;

J

<PURNQ)+ [ (Tum)at

/ (Tu,v) dH™ 1
8*Aj
< P(A; R\ Q) + aP(A5;€,) = P(4;) — (1 - a)c,

where o < 1 is the supremum of [(T'w,v)| on Q. Since |A;| — |A| as j — oo, by the necessary
condition written for A;, and passing to the limit as j — oo, we get by

/Hdm
A

whence the conclusion follows. O

< P(A) — (1 —a)c < P(A), (34)

The next lemma corresponds to [31, Lemma 1.1], thus we omit its proof.

Lemma 3.2. Let Q be a domain such that | [, H dz| < P(A) holds for all A C @ with the property that
|A| > 0. Then there exists 9 > 0 such that the stronger inequality

/Hdz
A

Theorem 3.3 (Existence, non-extremal case). Let Q0 be a weakly reqular domain. If the mecessary
condition holds also for Q, that is, we have the non-extremal condition , that is

/Hda:
Q

then the functional J defined in (39) is minimized in BV ().

< (1 —e0)P(A)

holds for all such A.

< P(Q),

Proof. Fix a ball B containing  and extend the function H to 0 in B\ . Fix a function ® € Wol’l(B)
such that ® = ¢ on 0Q (this can be done according to Theorem . Then minimizing 7 on BV () is

equivalent to minimizing j defined as

j:un—>/ \/1+\Vu|2dx+/Hudx,
B B

in K ={ue€ BV(B)lu=® in B\ Q}, which is a closed subset of BV (B). Owing to Proposition
and by the assumption on 2 we can apply Lemma [3.2] and get the lower bound

/Hu dzzf(lfeo)/ |Du|fc/ lo| dH™ 1
Q B o9

T[] > 50/ |Du| dx — c/ lo| dH™ L. (35)
B o9

Exploiting Poincaré’s inequality on the ball B one finally shows the coercivity of J in LY(Q). Since it is

for some g9 > 0, whence

also lower semi-continuous within respect to the L'-norm we infer the existence of a minimizer of j in
K, hence of a minimizer of J in BV (). O

In order to prove the existence of minimizers in the extremal case , following [41] we introduce
the notion of generalized solution of . For technical reasons, we consider the epigraph of u instead
of its subgraph, therefore the definition is slighty offset from the one in [41] (but of course equivalent up
to changing the minus sign in )
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Definition 3.4. A function u : Q@ — [—o00,+00] is said to be a generalized solution to (PMC|) if the
epigraph of u

U={(z,y) € QxR: y>u(a)},
minimizes the functional

P(U) —/UH dx dy, (36)

locally in © x R.

It is clear that any classical solution to (PMC) is also a generalized solution. Moreover, any gener-
alized solution of (PMC]|) can be shown to satisfy some key properties, that we collect in the following
proposition (see [31] and [40, 41] for the proof).

Proposition 3.5. Let u be a generalized solution of (PMC) and define Ny = {z € Q: u(z) = Ltoo}.
Then the following properties hold.

(i) If x € Ny then [Ny N B.(x)| > 0 for all r > 0.

(ii) The set Ny minimizes the functional
E— P(E)+ / Hdx
E

locally in Q.
(iii) The function u is smooth on Q\ (Ny U N_).
(iv) Given a sequence {ug} of generalized solutions of (PMC|), then up to subsequences the epigraphs

Ui of up converge to an epigraph U of a function u locally in L'(Q x R), moreover u is a

generalized solution of (PMC]).
(v) If u is locally bounded, then u a classical solution of (PMC]).

The next lemma is a straightforward adaptation of [31, Lemma 1.2]. The proof is the same up to
choosing a sequence {€;}; as provided by Theorem with e = 1/3.

Lemma 3.6. Let Q and H(x) be such that , @ and hold. Let E C Q) be a set of finite perimeter

minimizing the functional
P(E) — / Hdx
E

locally in Q. Then either E =0 or E = Q, up to null sets.
We now come to the existence of solutions of (PMC]) in the extremal case.

Theorem 3.7 (Existence, extremal case). Let Q be a weakly reqular domain. Assume that 18 satisfied
and that the extremal condition holds. Then there exists a solution u of (PMC].

Proof. By Theorem we find a sequence of smooth, connected sets ; CC Q, such that [\ Q;| = 0
and P(Q;) — P(Q) as j — 4o0. Since (1)) holds for any A C Q; (and in particular for A = ;), in virtue
of Theorem (existence in the non-extremal case) we find a minimizer u; € BV (Q;) of J restricted to
BV (9;), as every Q; satisfies (5]). Setting

t :inf{t: o e, uj(z) >t} < |Qj|/2}

we obtain
min(|[{z € Q; : u;(z) 2t} {z € Q; : w;i(x) <t;}) = [Q]/2 = [9]/4



16 GIAN PAOLO LEONARDI AND GIORGIO SARACCO

for all j large enough. Therefore, we can consider the sequence of vertically translated functions {u;(z) —
tj}; defined for x € Q;, and relabel it as {u;};, so that

min (|{z € 9 u;(2) 2 0}, [z € Q0 us(e) <0}) > |l/4 (37)

for all j large enough. Then, by applying Proposition (iv) on Q,, for any fixed jo € N, and by a
diagonal argument, we infer that u; locally converges up to subsequences to a generalized solution u as
j — 00, in the sense that the epigraph U; locally converges to the epigraph of u in L}, (2 x R) as j — co.
Let us set Ny = {z € Q: u(x) = £oo} as in Proposition We claim that Ny are both empty, which
in turn implies by Proposition (v) that u is a classical solution of . Indeed by Proposition
(ii) the set N_ minimizes the functional P(E) — [, H dx defined for E C €, thus by Lemma 3.6/ we have
either N_ = 0 or N_ = Q. Similarly, the set ©\ N, minimizes P(E) — [, H dz (this follows from the
fact that Ny minimizes P(E) + [, H dx), hence either N, = Q or Ny = (. By we conclude that

N1 =, which proves our claim. O

4. CHARACTERIZATION OF EXTREMALITY

We have seen in the previous section that, given a domain  and a prescribed mean curvature
function H, the condition is necessary and sufficient for the existence of solutions to , however
the proof of this fact is different depending on the validity or not of the extremality condition (compare
Theorems and . While in the non-extremal case the existence of solutions is genuinely variational,
in the extremal case one recovers a solution as a limit of variational solutions defined on subdomains.
Since extremality arises in physical models of capillarity for perfectly wetting fluids, the uniqueness and
the stability of solutions with respect to suitable perturbations of the domain are of special interest in
this case.

In [30] Giusti showed that, assuming C? regularity of 9§ and , the extremality condition is
equivalent to a series of facts, and in particular to the uniqueness of the solution of up to vertical
translations.

Here we obtain essentially the same result only assuming that Q is weakly regular. Before stating
our main result, we present a list of properties using the same labels as those appearing in [31].

(E) (Extremality) The pair (Q, H) satisfies (3), i.e., | [ H dz| = P().

(U) (Uniqueness) The solution of is unique up to vertical translations.

(M) (Mazimality) Q is maximal, i.e. no solution of can exist in any domain strictly containing
Q.

(V) (weak Verticality) There exists a solution u of which is weakly vertical at 0€2, i.e.

[Tu-v]=1 H" '-ae. on 09,

where [T'u - v] is the weak normal trace of Tu on 9.
(V) (integral Verticality) There exists a solution u of (PMC)) and a sequence {2;}; of smooth subdo-
mains, such that ; CC Q, |Q\ Q;| = 0, P(Q;) — P(2), and

lim Tu(z) - v dH" ' = P(Q),

as ¢ — 00.

Then we come to the main result of this section.
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Theorem 4.1. Let Q) and H be given, such that Q is weakly reqular and holds. Then the properties
(E), (U), (M), (V) and (V’) are equivalent.

Before proving Theorem some further comments about properties (V) and (V’) above are in
order. In [31] the property (V) is stated in the stronger, pointwise form Tu(xz) = v(z) for all x € 9Q
(moreover 95 is assumed of class C?, hence T'u can be continuously extended on 9 owing to well-known
regularity results, see [18]) while (V’) is stated by using the one-parameter family of inner parallel sets
(which is again well-defined owing to the C?-smoothness of 9€2).

The Maximum Principle Lemma that we state hereafter has been originally proved in [22] and then
in [3I]. We remark that it remains valid under the weaker assumptions guaranteeing the interior smooth

approximation property, in the sense of Theorem [1.§

Lemma 4.2 (Maximum Principle). Let Q C R™ be open, bounded, connected and weakly reqular. Let u
and v be two functions of class C?(Q), such that div(Tu) < div(Tv) in Q. Assume that 9Q = T'y UTy
with Ty relatively open in 0Q, and u,v € CO(QUT) with u > v on T'y. Assume further that
lim (1—=Tu-v)dH" ' =0

for every open set A D Ty, where {Q;}ien is a sequence of smooth and relatively compact open subsets of
Q, such that |\ ;| = 0 and P(;) — P(Q) as i — oco. Then

(a) if Ty # 0 then u > v in Q;

(b) fT1 =0 thenu=v+c.

Proof. In order to prove case (a) we first assume that u > v on I';. By the Gauss-Green formula on ;,
for any positive function ¢ € WH°(Q;) one obtains

/(Tu—Tv)-Vgo:—/ @(divTu—divTv)—I—/ o(Tu —Tv) - v
Qi Qt 8Qz

Zéﬂiw(Tu—Tv)-VZ/ o(Tu-v—1).

a9,
Fix a positive constant M > 0 and define the function ¢ps(x) = max (O,min(v = u,M)) Of course
op € WEo(Q;) for all i and 0 < ¢y < M. Moreover, we can find an open set A containing I'; and such
that ¢ar = 0 on AN Q. We also notice that

(Tu—Tv) - (Vo—Vu) if0<v—u<M,
(Tu—Tv)-Vou =

elsewhere
hence by a straightforward computation
[Vl Vol
Tu—Tv) -V < (|Vou| —|Vu — <0
(Tu = To) - Vipas < (V0] - V) ( ST i

Consequently, we obtain

/ goM(Tu-l/—l)S/ (Tu —Tv) - Vou <0,
90\ A Q:\A

thus by taking the limit as ¢ — oo we find

/(Tu—Tv)-V(pMzo
Q
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for all M > 0. Therefore, setting ¢ = max(v—wu,0) we find V¢ = 0 on Q, which means that ¢ is constant
on 2. However, since ¢ = 0 on AN we deduce that ¢ = 0, hence that u > v, on the whole 2. The full
proof of case (a) is then completed by considering v. = v + € in place of v and then letting € — 0.
Finally, for the proof of case (b) we fix 2o € 2 and assume v(zg) = u(xg) + 1 up to a vertical
translation. Arguing exactly as in the proof of case (a), we end up with ¢ constant on €2, where as before
we set ¢ = max(v — u,0). Since p = p(z9) = 1 we conclude that v =« + 1 on 2, as wanted.
O

We finally come to the proof of Theorem

Proof of Theorem[].1 We shall split the proof in five steps.
Step one: (E) = (V’). Owing to (E) we have

P(Q) ® / H dx = lim / H dx = lim div(Tu) dz = lim Tu(z)-v dH" ",
Q Q;

71— 00 71— 00 Q 71— 00 90,
which implies (V).

Step two: (E) < (M). Let us start by showing (E)=(M). We argue by contradiction and suppose there
exists a solution u of (PMC)) defined on € D €. Then Proposition ﬂ gives

/de
Q

which immediately contradicts (E). Let us now show the implication (M)=-(E). Again by contradiction

/de
A

for all A C Q. By Lemma [3.2] there exists €9 > 0 such that

/Hd:r
A

for all A C 2. Now we claim that (compare with Lemma 2.1 in [31]) given a ball B such that Q CC B,
for all 0 < € < g one can find an open set (2. C B with smooth boundary, such that 2 CC 2. and

/Hda:
A

Of course, the validity of would allow us to apply Theorem [3.3]on €., which in turn would contradict

our assumption (M). In order to show we argue again by contradiction, i.e., we assume that there

< P(Q),

we assume that

< P(A)

< (1 —e0)P(A) (38)

< (1—¢e)P(A), VACQ.. (39)

exists € € (0,&0) such that, for every U with smooth boundary satisfying 2 CC U, one can find A C U
for which fails. In particular, for every k € N we may choose a suitable Uy as specified below, such
that Q CC Uy, |Ug \ Q| < 1/k, OUj is smooth and there exists Ay C Uy for which

/ Hdx| > (1 —¢)P(Ag) (40)
Ay
holds. By we have that

P(Ay) < W VkeN,

hence we can extract a not relabeled subsequence A; converging to some A C B in L'. On the other
hand, since |A, \ Q| < |Uy \ Q] — 0 as k — oo, we infer that A C Q up to null sets. By ({0), by
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the lower semi-continuity of the perimeter and by the continuity of the term [ AL H dx with respect to

/de
A

which is in contrast with . We are left to prove that such a sequence Uy, exists. To this aim we consider
the open set V = B\Q and notice that P(V) = P(B)+P(Q) = H" 1 (0B)+H" " 1(9Q) = H""1(0V) owing
to the assumption on 2. We can now apply Theorem[L.8|to V' with &, = min(dist(0B, 0)/3,1/k) and set
Ui = B\ (V5, UN3s, (OB)). Thanks to (8) we find that dUy, is smooth, Q CC Uy, and U \ Q| < & < 1/k,

as wanted.

L'-convergence, we conclude that

> (1-¢)P(A)

Step three: (V') = (U). We consider two solutions u,v of (PMC]), then if we take I'y = @) and thanks
to the property P(€);) — P(€2) as i — oo, we infer that the assumptions of Lemma [{.2{b) are satisfied.

Consequently there exists a constant ¢ € R such that u = v + c.

Step four: (U) = (E). Let u be the unique solution of div(Tu) = H on €, up to vertical translations.

By contradiction we suppose that
/ H dx < P(Q).
Q

Arguing as in Step two we find a bounded and smooth domain 2 Q for which holds. By Theorems
and [3.7| there exists a solution % of div(T%) = H on €. Then (U) implies the existence of ¢ € R such
that u = @+t on Q. By internal regularity of @, we infer that u € C1(Q). Fix now a function ¢ € C?(R")
such that

H P {x € 0Q: o(x) —u(z) #s}) >0 VseR. (41)
The choice of ¢ satisfying can be easily made as follows: if u is constant on 0f2, then one can choose

any smooth function ¢ taking different values on two distinct points of 9€2; conversely, if u is not constant

on Jf) then one can take ¢ = 0. Now we consider a minimizer w of the functional

/ 1+|Dw|2+/Hw+/ |w — | dH™ !,
Q Q oN

then w necessarily satisfies (PMCJ). By the assumed uniqueness up to translations one has that w = u+s
for some s € R. Then it follows that

[Tu(o)| = [Tw(zo)| < 1. (42)

Moreover by we have that w # ¢ on some set K C 9*Q with H"~!}(K) > 0. Fix now a point zg € K
and assume without loss of generality that ¢(xg) > w(zp). Set now C = Q x R, pg = (xg, w(xp)) € AC,
and notice that by the continuity of w and ¢ on 99 there exists R > 0 such that the subgraph of ¢
contains the ball Br(pg) C R"*1. Owing to the choice of Br(po), the epigraph

W={p=(z,y) €C: y>w(z)}

necessarily minimizes the functional

PWiBa() = [ n
WﬂBR(po)
with obstacle R"*1\ C inside Bgr(po). In other words, for any set U that coincides with W outside the

set A := Br(po) NC, one has

HWﬂmm%/

Hgmw&mm—/ H. (43)
WNBRr(po)

UNBr(po)
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It is then easy to show that W is a (A, R)-perimeter minimizer in C (see Definition , where R is the
radius of the ball defined above and A = supg, |H|. Indeed for any ball B, C Br(pg) and any set U such
that UAW ccC B, NC, by one has that

P(W;B,) = P(W;Bgr(po)) — P(W; Br(po) \ Br)

< P(U; Br(p)) — P(U; Br(po) \ By) - /B O =)

< P(U; By) + sup [H| [UAW],
Q

which proves the (A, R)-minimality of W in C. Then by Theorem we infer that vy (po) = ve(po),
which contradicts .

Step five: (V) and (V') are equivalent. We can consider the sequence €2; of Theorem and apply
Theorem [2.2] to get
H(z)dx = / div Tu(x) dz = / [Tu-v]dH"™ ' — / Tu-vidH" ", (44)
Q\Q; \Qy o0 9,
Now, observing that the left-hand side of is infinitesimal as j — oo the equivalence between (V) and
(V) is immediate.

The proof is finally completed by combining the previous five steps. O

We now show a well-known consequence of Lemma [4.2] which can be obtained by arguing as in Step
two of the proof of Theorem

Proposition 4.3. Assume that u is a solution of (PMC)) on Q and that either (V) or (V') holds. Then

u is bounded from below.

Proof. Let B denote a ball compactly contained in €2 and consider the open set S = Q\ B. By Lemma
and arguing as in Step two of the proof of Theorem we find a solution w of (PMC]|) which is of
class C1(S). Since in particular u € C?(B) we can assume that w < u on dB up to a vertical translation,

hence by Lemma a) we deduce that w < w on S, which gives the conclusion at once. O

We conclude the section with some remarks about the stability of solutions of in the extremal
case. One might ask whether or not there exists some perturbation (€., H.) of an extremal pair (2, H),
such that (., H.) satisfies the necessary condition and the solution u. of on (), is in a suitable
sense a small perturbation of u up to translations, as soon as ¢ is small. The following proposition contains

a result in this direction.

Proposition 4.4 (Stability). Let {Q;}; be a sequence of bounded domains and {H;}; a sequence of
Lipschitz functions, such that Q; is weakly regular and the pair (Q;, H;) is extremal. Assume moreover
that Q0 — Qs in L' and P(j) — P(Qs), as j — oo, with Qo weakly reqular, and that H; uniformly
converges to Ho, such that the pair (Quoo, Hoo) is extremal as well. Then the sequence of unique (up to
translations) solutions {u;}; to the problem for the pair (0, H;) converges to a solution us of
for the pair (Qoo, Hso ), in the sense of the Li -convergence of the epigraphs.

loc

Proof. Due to our hypotheses, the existence of a solution u; to (PMC) for the pair (€2;, H;) (also for
Jj = 00) is guaranteed by Theorem Arguing as in Theorem for any j large enough we can find a

suitable ¢; such that the translated solution u; + t; which we just rename u; satisfies

min (|{z € Q;: u;(2) 2 0}, o€ Q0 us(e) <0}) = |2)/4.



THE PRESCRIBED MEAN CURVATURE EQUATION IN WEAKLY REGULAR DOMAINS 21

FIGURE 1. The “Swiss cheese” set O, 5. constructed in Example

Then we find that the epigraphs U; of u; converge in L}OC(R”“) to a set UZ, which is the epigraph of a
classical solution u}, defined on .. By Theorem we have that u’, = u. up to a translation, thus
the thesis follows. O

In the forthcoming paper [36], an explicit example of an extremal pair (2, H) and of a sequence of
extremal pairs (€2;, H;) satisfying the hypotheses of Proposition is constructed, for the special case
H; = P(£;)/|;|, by removing a sequence of smaller and smaller disks from the unit disk in R?, in such
a way that it looks like a sort of Swiss cheese with holes accumulating towards a portion of its boundary
(see Figure [1| and Example below; for a more complete discussion we refer to [36]).

This shows the following, remarkable fact: while a generic small and smooth perturbation of the unit
disk may produce a dramatic change in the capillary solution (and even end up with non-existence of a

solution), there exist some non-smooth perturbations that, instead, preserve both existence and stability.

Ezxample 4.5. Let 0 < d§ <e < 1land a > 1 be fixed. Fori >1and j=1,...,i we set
€ 1) T j

pl] a12+]a 1) a212+2J7 1] 2Z+1’

Then we define
Oa,é,s = Bl \UE?
@]

where B C R? is the unit disk centered at the origin, and
Bij := By, ((pi; cos(0i;), pij sin(6i;))

(see Figure . We prove in [36] that for a suitable choice of parameters a, d,e the open set O, 5. fulfils
the hypotheses of Theorem 4.1

One can then build a sequence of non-smooth perturbations of the unit disk by simply filling one
hole of the Swiss cheese at a time: indeed this operation creates a sequence of subdomains of the unit
disk that satisfy the hypotheses of Proposition 4.4 with the choice H; = P(Q;)/|2;| and with (B, 2) as

the limit extremal pair.
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